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1. INTRODUCTION

Ceramic filters are widely utilized in dust removal because of
high strength, high-temperature resistance, and corrosion resis-
tance.1,2 However, the pressure drop, one of the crucial filter
parameters, is usually affected by the change of cake void fraction.
Recent researches indicate that the cake layer is mainly formed by
many aggregates composed of primary particles,3�5 and the most
dominating mechanism for aggregate formation is dependent on
the particle bonds generated by particle cohesion and funicular-
state bridges.6�10 According to Xie’s report,11 the bond strength
between particles of ca. 1�10 μm is ca. 104 Pa and that between
aggregates of ca. 100 μm is only ca. 52 Pa. So, the aggregates
cannot be turned into the larger aggregates and a cake layer is
generally formed as a result of aggregate accumulation. Though
there is somewhat of a deformation under the normal applied
pressures of 2�5 kPa during filtration,12 the bonds between
particles will not be destroyed. Therefore, many investi-
gators13�15 employed aggregate theories to study the character-
istics of the cake layer.

Because of the presence of aggregates, the change in the
volume of compressed aggregates leads to cake collapse and
consequently results in the change of pressure drop during

filtration. To study the cake collapse, the fractal dimension of an
aggregate and the center distance between two neighboring
aggregates should be considered first. Many models are newly
developed by considering the fractal dimension. For instance,
Lee et al.4 proposed an approach to calculate the values of fractal
dimensions, Li et al.16 developed two different fractal approaches
to describe the aggregate permeability, and Park et al.3 developed
a cake collapse model by investigating the combined effect of the
fractal dimension and the center distance on permeability of
collapsed cake. Besides, coordination number, that is, the num-
ber of neighboring aggregates around an aggregate, is also an
important variable for the cake porosity. Many investigators
such as Skuazu et al.17 and Georgalli et al.18 provided the ways
of estimating coordination number.Moreover, Tarbuck,19 Rumpf,20

and Shinohara21 proposed some more convenient empirical
formulas.
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ABSTRACT: A cake collapse model was developed by taking
the combined effects of fractal dimension, relaxation ratio,
coordination number, and aggregate diameter into considera-
tion. The cake porosity including intraaggregate and inter-
aggregate porosities was modeled successively by three typical
coordination numbers (n = 6, 8, and 12). Accordingly, an
inversion method made it possible to deduce the coordination
number using the measured cake porosities, and the reverse-
calculated value with minimum error and the corresponding
relaxation ratios were applied as the parameters for the model.
As a result, the profiles of intraaggregate and interaggregate
porosities and cake porosity were respectively predicted in
contrast to the integrated variation of the relaxation ratio and the fractal dimension. Furthermore, a comparison between the
model predictions of the cake pressure drop gradients with and without aggregate compression was conducted to validate the
presence of cake collapse. The results show that the predictions based on the proposed collapse model are in agreement with the
experiments, and the coordination number is one of the key factors that must be incorporated into the cake collapse models.
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To date, there has not been a report in the literature regarding
the development of a mathematical model for the cake collapse
with consideration of the combined effect of those variables on
the cake pressure drop during filtration. Moreover, an effective
method has not yet been developed to estimate coordination
number and relaxation ratio because they are difficult to get
merely by experiments.

In the present work, a mathematical model for predicting cake
collapse during ceramic filtration was developed by regarding
fractal dimension, relaxation ratio (related with center distance),
coordination number, and aggregate diameter as model para-
meters. An inversion method was designed to accurately deter-
mine coordination number and relaxation ratio by using the
measured cake porosities. In addition, a comparison between
the proposed collapse model and the model without collapse
was conducted to validate the presence of cake collapse with
experiments.

2. MATHEMATICAL CALCULATIONS

Many aggregates with different sizes formed in the high-
temperature flue gas by the bonds between carbonblack particles
may deposit on the surface of a filter. Those aggregates with self-
similar features can be assumed to be characterized by a single
fractal dimension, Df. The number of primary particles (Np)
within an aggregate of diameter daggr is related to its Df as
follows:3,5,9

NP ¼ c
daggr
dp

 !Df

ð1Þ

where dp is the diameter of the primary particle, and c is the
packing coefficient. Through the application of the box-counting
dimension method for self-similar spheres, c was assumed to be
0.25, the same value used by previous studies.16 To establish the
cake collapse model with the uniform aggregates and particles, it
is presumed that daggr and dp are replaced by the equivalent mass
mean diameters dhaggr and dp. Then, the intraaggregate porosity
jintra is derived from eq 1:16

jintra ¼ 1� c
daggr
dp

 !Df � 3

ð2Þ

For the aggregates with fractal features, jintra is a function of
the aggregate diameter and the values ofDf should be less than 3,
otherwise, jintra is a constant (jintra = 0.75).

When a cake layer is formed, the change of interaggregate void
should be taken into account due to the large volume fraction.

Hence, it is essential to select an aggregate surroundedby n aggregates
(n is coordination number) as the research object. The value of n
mainly depends on the arrangement of neighboring aggregates, and
Ridgway & Tarbuck,19 Rumpf,20 and Shinohara,21 provided different
empirical formulas for it:

Ridgway & Tarbuck : jinter, init ¼ 1:072� 0:1193nþ 0:0043n2 ð3Þ

Rumpf : n ¼ π

jinter, init
ð4Þ

Shinohara : n ¼ 20:01ð1� jinter, initÞ1:741 ð5Þ
where jinter,init is the initial interaggregate porosity without cake
collapse.

On the basis of Park et al.’s presumptions3 and Molerus’s
coordination number theory,22 each aggregate contacts with the
neighboring coordination aggregates without compression, and
there exist three typical aggregate arrangements (n = 6, 8, and
12). With the utilization of those coordination numbers, the
calculated values of jinter,init are 0.4764, 0.3954, and 0.2595,
respectively. In this study, however, the real value of n should be
estimated using jinter,init. Taking a unit of cake comprising an
aggregate as a representative element volume (REV), their
geometrical appearances for n = 6, 8, and 12 are hexahedron,
octahedron, and dodecahedron. The values of jinter,init can be
calculated by:3

jinter, init ¼ 1� Vaggr

Vrev, init
ð6Þ

where Vrev,init is the initial volume of a REV, and Vaggr is the
volume of an aggregate.

If the cake collapse is neglected, the values of interaggregate
porosities jinter should be equal to those of jinter,init. Consider-
ing the effect of cake collapse on jinter, assumptions are made
that under filtration pressure, a plastic deformation would occur
in aggregates, the contact points would develop into the
increasing contact surfaces, and the center distances between
two neighboring spherical aggregates would decrease from daggr
to drel � daggr (drel is the relaxation ratio, that is, the center
distance after cake collapse divided by that before cake collapse)
(Figure 1). Also, n neighboring spherical aggregates are assumed
to be uniformly distributed around an aggregate, the relative
displacements caused by plastic deformations are assumed to be
consistent, and the primary particles in the aggregates are regar-
ded as the noncompressed particles. On the basis of the above
assumptions, consequently, the values of jinter are actually less

Figure 1. Schematic illustrations of the neighboring aggregates (a) without cake collapse, (b) with cake collapse for dth1 < drel < 1, (c) with cake collapse
for drel < dth2, (d) the overlapped regions.
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than those of jinter,init during filtration on account of the decrease
of drel.

To study the change of jinter, the volume change of
aggregates should be considered first. When drel is less than 1
and greater than a primary threshold value, two aggregates
begin to interpenetrate into each other under filtration pres-
sure, the aggregate surface consisting of the contact surfaces,
and the remaining broken spherical surface is no longer a whole
spherical surface, and an overlapped volume Voverlap will occur
accordingly. As drel keeps decreasing until it is less than the
primary threshold value and greater than a second threshold
value, two neighboring overlapped parts begin to interpene-
trate each other and an excessive overlapped volume V00

overlap

will be yielded. When the value of drel is less than the second
threshold value, the spherical surface of the aggregate is completely
replaced by the contact surfaces, and the value of jinter would
equal zero. The primary threshold value of drel is defined as dth1
when the V00

overlap occurs and the second threshold value of drel is
defined as dth2 when each aggregate converts into a certain
polyhedron (Figure 2). When the value of drel locates in the range
from dth1 to 1, the expression of jinter should be revised by:

jinter ¼ 1� Vaggr � nVoverlap

Vrev
for dth1 e drel < 1 ð7Þ

when the value of drel locates in the range from dth2 to dth1, the
expression of jinter should be revised by:

jinter ¼ 1� Vaggr � nVoverlap þmV}
overlap

Vrev
for dth2 < drel < dth1

ð8Þ
where m is the number of V00

overlap; when drel is less than dth2, the
value of jinter equals to zero. The geometric parameters of
polyhedral REVs can be acquired by calculation (Supporting
Information). The value of Voverlap is calculated by:

Voverlap ¼ πd3aggr
24

ðd3rel � 3drel þ 2Þ ð9Þ

To calculate V00
overlap, the effects of n on the coordination angle θ

must be taken into account (part d of Figure 1). For dth2 <

drel < dth1, V00
overlap is calculated by:

V
00
overlap ¼

Z b

a

Z ffiffiffiffiffiffiffiffiffiffiffi
R2 � x2

p

f ðxÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � x2 � y2

p
dydx ð10Þ

where R = daggr/2, a = dreldaggr/2,

bjn¼ 6 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � a2

p
, f ðxÞjn¼ 6 ¼ dreldaggr

2

bjn¼ 8 ¼ 3:34� 10�1aþ 8:89

� 10�4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:13� 106ðR2 � a2Þ

q
,

f ðxÞjn¼ 8 ¼ � 0:354xþ 1:061a

bjn¼ 12 ¼ 4:46� 10�1aþ 1:60

� 10�4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3:12� 107ðR2 � a2Þ

p
,

f ðxÞjn¼ 12 ¼ � 0:499xþ 1:117a

For different coordination numbers, the values ofVrev are given by:

Vrevjn¼ 6 ¼ 8a3,Vrevjn¼ 8 ¼ 6:93a3,Vrevjn¼ 12 ¼ 5:55a3 ð11Þ
Combining eqs 7�11, the value of jinter can be obtained.

Because the values ofVaggr are changed by cake collapse in a REV,
eq 2 must be revised according to the variation of Vaggr:

jreal
intra ¼ jintrað1� jinterÞ

Vrev

Vaggr
ð12Þ

Using the calculated values of jinter and jintra
real , the cake

porosity jcake can be expressed as:3,23

jcake ¼ 1� ð1� jreal
intraÞð1� jinterÞ ð13Þ

On the basis of the above analysis, the conventional cake
filtration theory24,25 can be utilized to calculate the total filter
pressure drop, ΔPtotal:

ΔPtotal ¼ ΔPf ilter þΔPcake ð14Þ
whereΔPfilter is the pressure drop of clean filter andΔPcake is the
cake pressure drop, and they can be calculated by the Ergun
equation:26

ΔPf ilter ¼ δf ilter
150μ

d
2
f ilter

ð1� jf ilterÞ2
j3
f ilter

uf þ 1:75F
df ilter

ð1� jf ilterÞ
j3
f ilter

u2f

 !

ΔPcake ¼ δcake
150μ

d
2
p

ð1� jcakeÞ2
j3
cake

uf þ 1:75F
dp

ð1� jcakeÞ
j3
cake

u2f

0
@

1
A

where δfilter and δcake are the filter thickness and the cake layer
thickness, dfilter is the equivalent mean diameter of ceramic
material, jfilter is the filter porosity, F is the fluid density, μ is
the dynamic fluid viscosity, uf is the superficial fluid velocity.
Although researchers have reported the thickness is uneven and
porosity is heterogeneous in the cake layer,25,27 the assumptions
of uniform cake thickness and porosity are employed to simplify
calculation in this model.

Figure 2. Appearances of aggregates with the packing structure of (a)
hexahedron, (b) octahedron, (c) dodecahedron during cake collapse.
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3. MATERIALS AND METHODS

Primary Particle and Aggregate. The equivalent mean
diameter of the primary particles in the aggregates can be
acquired by fitting the particle size distribution tested by a BT-
9300H laser particle size analyzer (Bettersize Instruments Ltd.,
China) (Supporting Information). Additionally, the equivalent
mean diameter of the aggregates can be obtained by statistically
analyzing the micrographics, taken by a JSM-6700F Field Emis-
sion Scanning Electron Microscope (FE-SEM) (Japan Electron
Optics Laboratory Ltd. Corp) using Image Structure Analyzer in
3-Dimensions software (Supporting Information).
Fractal Dimension. Using the box-counting dimension

method,28 the values of Df were estimated from the fitting
logarithmic pixel values of the micrographics, taken by the
aforementioned FE-SEM (Supporting Information).
Relaxation Ratio and Coordination Number. Researches on

drel and n were carried out in a specially designed suction filtration
system. First, the true cake density and the bulk cake densities
before and after cake collapse were measured. Then, the cake
porosity jcake,test before and after cake collapse can be determined
from the measured true and bulk densities. Finally, the real value of
n and the corresponding values of drel can be obtained by an
inversion method (Supporting Information).
Filter Pressure Drop. To acquire the pressure drop of the

suction filtration system, the vacuumdegrees recorded by a vacuum
meter were applied to calculate the corresponding pressure drop
(Supporting Information). For the propose of acquiring the
pressure drop of the ceramic filter, a SYT-2000 V digital pressure
gauge (Shanghai Guigu Instruments Co., Ltd., China) was utilized
to record the data directly (Supporting Information).

4. RESULTS AND DISCUSSION

Prediction of n and drel for Aggregates. An inversion
method was designed to estimate the real value of n and the
corresponding values of drel. First of all, the corresponding tables
were constituted, which were the calculated values of jcake and
jinter in contrast to the arbitrary variables of drel andDf. Then, the
values of jcake,test were matched with those of jcake in the
jcake�Df�drel tables to find the values of drel. Following that, the
values ofjinter could thereby be found in thejinter�drel tables via
the acquired drel. Because jinter is different with jinter,init owning
to cake collapse, jinter,init should be gained based on jinter to
deduce n by the formulas reported by literatures.23�25 Finally,
the value of n with minimum error and the corresponding values

of drel were applied as parameters for this model (Supporting
Information). To validate the resulting value of n, a comparison
between the estimated and experimental cake porosities for
various coordination numbers was performed (Table 1). As a
result, the mean square errors (MSEs) for n = 6, 8, and 12, were
calculated to express the difference between model estimations
and experiments. The comparison shows the mean value of the
MSEs for n = 12 is 8.77� 10�3, which is only approximately 10%
of the meanMSE for n = 6, and 11.5% of the meanMSE for n = 8.
It implies that when the carbonblack of dhp = 2.34 μm is employed
as the primary particles, the value of n equal to 12 was more
reasonable than other n values (n = 6 or 8) for the prediction of
cake porosity and the corresponding values of drel for n = 12 was
involved in the Supporting Information.
Dependence ofuinter,uintra

real , anducake upon drel andDf for
Different Coordination Numbers. Figure 3 depicts the profiles
ofjinter with drel for n=6, 8, and 12. Fromobservation, the values of
jinter decrease with the decrease of drel and the increase of n. Before
collapse occurs (drel = 1) jinter = jinter,init, and after the aggregates
completely develop into polyhedrons (drel e dth2) jinter = 0.
Hence, the values of jinter mainly vary in the function range of 0 <
jinter < jinter,init in contrast to the variable range of dth2 < drel < 1.
When the values of drel locate in the range of dth1 < drel < 1, the
values of jinter decrease sharply with cake collapse because the
interaggregate voids shrinks due to the plastic deformation caused
by the ever-increasing values of Voverlap. When dth2 < drel < dth1, the
values ofjinter decrease slowly with cake collapse becauseVoverlap is
partly offset due to the occurrence of V00

overlap. For example, when
the measured value of drel is 0.875,jinter is ca. 0.05 for n = 12 and it
corresponds to an approximate 80.7% reduction compared to the
initial value 0.2595.
Through the analysis of eqs 2�12, it is found that jintra

real is
mainly affected by Df, daggr, and drel. The calculated result
suggests the value of jintra

real is rarely influenced by the aggregates
of over ca. 50 μm (Supporting Information) and Park et al3 have
reported similar findings. Since the size of most of the observed
aggregates is in the range of 50�150 μm (Supporting In-
formation), only Df and drel need to be taken into consideration
for surveying the profiles of jintra

real . Figure 4 displays the depen-
dence of jintra

real upon drel for n = 6, 8, and 12 under the condition
that Df is 1.74 and daggr is 97 μm. It is evident that the values of

Table 1. Prediction of drel and n for Aggregates byComparing
the Cake Porosities Calculated by the Model Equations with
the Experimental Values

jcake MSE

Df drel n = 6 n = 8 n = 12 jcake,test n = 6 n = 8 n = 12

1.74 0.809 0.670 0.809 0.701 0.718 0.0339 0.0643 0.0120

1.64 0.875 0.951 0.937 0.874 0.868 0.0587 0.0488 0.0042

1.88 0.835 0.919 0.866 0.769 0.774 0.1025 0.0651 0.0035

1.83 0.824 0.894 0.848 0.742 0.753 0.0997 0.0672 0.0078

1.91 0.834 0.907 0.960 0.765 0.747 0.1131 0.1506 0.0127

1.87 0.831 0.901 0.849 0.757 0.776 0.0884 0.0516 0.0134

1.93 0.823 0.886 0.845 0.732 0.721 0.1167 0.0877 0.0078

Figure 3. Predicted values ofjinter as functions of drel for n = 6, 8, and 12.
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jintra
real decrease with the decrease of drel and the increase of n. This

indicates that cake collapse would reduce the values of jintra
real

because the values ofjinter utilized for revising the values ofjintra

decrease with the decrease of drel. For instance, when drel
decreases from 1 to 0.809, the reduced values of jintra

real are
0.152, 0.209, and 0.322 for n = 6, 8, and 12, and the reductions
are ca. 15%, 21%, and 32%, respectively. This finding implies that
an aggregate with a greater value of n is more influenced by cake
collapse. Through the analysis of Figures 3 and 4, it is also found
that the values of jinter and jintra

real decrease synchronously with
the decrease of drel, resulting in a sharp decrease of jcake. In the
context of cake collapse, the contribution of jintra

real to jcake is
more remarkable compared with jinter.
Additionally, jintra

real was calculated as a function of Df at
different values of drel (Figure 5). The results show that, under
the low value range ofDf, the values ofjintra

real of the aggregates are
inclined to be a constant. However, under the high value range of
Df, the values of jintra

real decrease rapidly while Df increases.

Comparing Figure 5 with Figure 4, it is evident that the effect
of Df on jintra

real is less than that of drel.
Figure 6 shows a parametric surface of jcake specified by Df

and drel for daggr = 97 μm and n = 12 (acquired by reverse-
calculation using carbonblack particles). Combining the two
variables, the reductions of jcake during cake collapse are mainly
caused by the decrease of drel and the increase of Df under the
high dimension range, and the change of drel shows more effect
on jcake than that of Df.
The porosity model was verified with experiments using the

suction filtration system and the ceramic filter, respectively
(Table 2). First, the values of Df were measured from the FE-
SEM micrographics and the drel and n were estimated using the
aforementioned method. Subsequently, the cake porosities for
different values of nwere predicted by the current variables. Finally,
the MSEs were obtained by comparing the predicted and experi-
mental values of cake porosity. The results show that the mean
MSEs of experimental data tested from suction filtration system
and ceramic filter are 8.3 � 10�3 and 7.1 � 10�3 respectively
indicating that all of the values ofjcake agree well with the values of
jcake,test. It is also found that, when the suction filtration systemwas

Figure 5. Predicted values of jintra
real as functions of Df at different

relaxation ratios for daggr = 97 μm and n = 12.

Figure 6. Predicted values of jcake as functions of Df and drel of the
aggregates for n = 12 and daggr = 97 μm.

Table 2. Comparison of Cake Porosities Estimated by the
Model Equations with the Experimental Values Measured by
Two Different Filtration System for n = 12

Df drel jcake,model jcake,test MSE

a2.36 0.812 0.701 0.724 0.0166
a2.52 0.827 0.729 0.730 0.0006
a2.44 0.831 0.742 0.744 0.0012
a2.49 0.818 0.707 0.728 0.0146
b1.67 0.896 0.908 0.920 0.0084
b1.72 0.913 0.937 0.955 0.0124
b1.94 0.922 0.947 0.957 0.0071
b1.78 0.931 0.961 0.961 0.0003

aObtained in suction filtration system at superficial velocity 1 L/s,
pressure drop of system 13 KPa, cake thickness 8 mm for 30
min. bObtained in ceramic filter at superficial velocity 1.14 m/min,
pressure drop of system 6.8 KPa, ambient concentration of suspension
7.687 g/m3 for 120 min.

Figure 4. Predicted values ofjintra
real as functions of drel for n= 6, 8, and 12

under the condition of Df = 1.74 and daggr = 97 μm.
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employed, the values of Df were located in the region of higher
values. And when ceramic filter was used, the values of Df were in
the range of lower values. This phenomenon illustrates that higher
pressure can also increase Df and decrease drel.
Consequently, this model can accurately predict the dependence

of jinter, jintra
real and jcake upon drel and Df when the appropriate

coordination number and the corresponding the values of drel are
determined by reverse calculation. Furthermore, a conclusion could
be made that the reducedjcake can increase the pressure drop, and
the increased pressure drop can in turn reduce the value of jcake.
Effect of Cake Collapse on (ΔP/δ)cake. Through eqs 2�14,

the effects of cake collapse on the cake pressure drop gradient
(ΔP/δ)cake were predicted by utilizingDf and drel as variables. Part
a of Figure 7 displays the parametric surface of (ΔP/δ)cake specified
byDf and drel without cake collapse, that is, by setting drel to 1 in the
model. It is evident that, if ignoring cake collapse, the calculated
values are less influenced by drel. Simultaneously, the pressure
gradient is barely affected by Df. Even for relatively larger values of
Df, the pressure gradient remains relatively small (e.g., (ΔP/δ)cake =
2794 Pa/m for Df = 2.44 and drel = 1). Performing a comparison
between the predictions and the experiments, the mean MSE is

ca. 4.48 � 105 Pa/m. Part b of Figure 7 displays the parametric
surface of (ΔP/δ)cake specified by Df and drel with cake collapse,
that is, by setting the values of drel to the values between dth2 and
1 in the model. It is evident that the values of (ΔP/δ)cake rapidly
increase with the decrease of drel. In comparison with the results
presented in part a of Figure 7, the predicted values with cake
collapse are more dependent on drel, and the corresponding
mean MSE is ca. 1.32 � 105 Pa/m, that is, ca. 29% of the mean
MSE for part a of Figure 7. The further discussions on the
predictions of the cake pressure drop were involved in the
Supporting Information.
The findings in this work emphasize the importance of cake

collapse to the pressure drop during ceramic filtration. In
addition to relaxation ratio, fractal dimension, and aggregate
size, the coordination number is also an important factor of the
change of cake porosity. The unknown coordination number and
the corresponding relaxation ratios can be obtained by an original
inversion method when the measured porosities are employed as
the inputs. On the basis of the comparison between predictions
and experiments, the proposed model was proven to be con-
siderably effective. Hence, this model has great application
potential on the prediction of cake pressure drop because of
high accuracy and convenient calculation.
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